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Hose lipeycTtaBsleHHa Teopemn JIarpanxa 
y WudepeniiwHomy 4uceHHI 


It is found a new representation of the mean value Lagrange’s theorem in the differential calculus. Any 
function increment can be expressed through the derivatives in the ending points of a given closed interval. 
Mean values of the Lagrange derivative and our theory derivative are coincided, but the middle points are 
different. Our theory allows easily find the middle point and it is not so easy according to Lagrange’s 
theorem. Furthermore, our theory makes it possible to formulate the second mean value theorem in integral 
calculus, as it is a consequence of differential theorem. 
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B cratbe ctbopMysMpoBaHo HOBOe MpesCTaBsIeHHe U3BECTHOM TeopeMbI AN@dPepeHuUMabHOrO HCUMCIICHHA O 
cpeftHem — Teopempt Jlarparxa. IIpupamjenne PyHKUHH BbIPAKeHO Yepe3 IPOM3BOAHbIe B KOHICBbIX TOUKAX 
otpe3ka. Ilo BesmunHe cpegqHee 3HayeHHe poH3BORHOM no JlarpamKy HM 0 Hallie Teopun coBnaaior, 
OWHaKO He CoBsaqaroT cpeqHue TouKH. Hata TeopuaA MO3BONACT eTKO ONPeACMIUTb CpeHIOIO TOUKY, 4YTO 
3aTPYAHUTeIbHO B Teopeme JlarpamKa. Kpome Toro, Hallia TeOpHA aeT BO3MOXKHOCTbh CPOPMYIMPOBaTb 
BTOpylO TeopeMy O CpeHeM B HHTerpasibHOM MCUMCIICHHH, Tak KaK OHa ABJIAeTCA CiIeACTBHeM Hp- 
(pepeHiHasIbHOM TeOpeMBt. 

KuroueBble CJI0Ba: MeTO.NKa, Teopema, cpeyHee 3HadeHHe, PYHKIMA, MHTerpal, MpoM3BoyHasA, 
Teopema Jlarpamxa. 


Y cratti ctbopMyboBaHo HOBe TIpesCTaBIeHHA BIAOMOi Teopemu y AudepeHuiitHoMy YMCeHHI Mpo cepeyHE — 
Teopemu Jlarparmxa. Upupouenua PyHKuii MpezcTaBeHo Yepe3 MOXIAHI y KIHI[CBHX TOUKAX Bipi3Ky. 
Cepeaue 3Ha4ueHHa T0xiqHOi 10 JIarparxy i Hamoi Teopii ciiiBnayaroTh, asle He CIiBMaqaloTb CepeqHi TOUKH. 
Hata Teopia o3BolIde 3HaliTH CepeAHIO TOUKY, WO BaxKKO 3pOOHTH Ha MijcTaBi Teopemu JlarpamKa. Kpim 
TOFO, Halla TeopeMa ae MOAKIMBICTL CC/hOpMysIOBaTH TeopeMy TIPO CcepeHE y iHTerpaJIbHOMY 4HCIICHHI, 60 
BOHa IIpOCTO € HacIZKOM MdepeHiasIbHO! Teopemu. 

Kunro4uosi c10Ba MeTOqNKa, Teopema, CepeqHe 3HadeHHA, (PPYHKILA, IHTerpasl, MOXxiqHa, 

Teopema Jlarpamxa. 


Introduction 


Lagrange’s mean value theorem establishes a relationship between the increment of the 
function on the interval and its derivative at some midpoint of a given segment. This relationship 
is given by the formula (2) [1-3]. An important feature of this theorem is an analogue in integral 
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calculus, which is called the first mean value theorem. In the integral calculus there is a second 
mean value theorem, but there is no such analogue in the differential calculus. This "injustice" 
can be eliminated, when Lagrange’s theorem is formulated in terms of derivatives at the segment 
endpoints. 


1 The Formulation and the Proof 
of the Main Mean Value Theorem 


The Main Mean Value Theorem. Let a function y= f(x) satisfies the following con- 
ditions: 1) it is continuous on a segment[a, b], 2) it is differentiable on the interval (a,b) and has 
a finite one-sided derivatives f'(a+0) and f’(b—0), 3) the derivative f'(x) is monotonic on 
the interval (a,b). Then there exists a unique point € €(a,b) for which takes place the equality 


f(b) — fla = fang — a) + f'(b\(b- 6). (1) 
Proof. Consider the simplest case, when the derivative does not change its sign on the 
interval (a,b) (Fig. 1). Figure 1 shows, that by virtue of monotony of the derivative f'(x) , the 
inequality tgd <tga <tgB takes place. If we multiply it by the difference (b—a) and take 
into account tga(b—a)= f(b)— f(a) , we will obtain cg < f(b)— f(a)<cf . By virtue ofa 
continuity of the function f(x) the sum fk+eh accepts a number of continuous values from 
cg up to cf, and therefore there is such point & , for which the equality fk +eh= f(b)- f(a) 
takes place. As far as fk =tgd-(€-a)= f'(ay(€-a) and eh=tgB-(b-—&)= f'(b)(b-&) 
the formula (1) takes place. The third condition of this theorem guarantees uniqueness of 
the point €. 


Figure 1 — A geometric method for proving the theorem, 4 = ZgAc, B = ZeBh 


The second geometrical way of the proof of the theorem is easier than the first one. 
We shall divide both parts of equality (1) into the difference (6—a) and we shall enter a 


parameter p= 38, where 0<t<1: POVLO _ pape fOMl-9, 0<t<l. 

Taking into account the geometrical meaning of a derivative, we obtain the equality 
tga =tgA-t+tgB-(1—1f). It is necessary to consider an inequality tgd < tga <tgB , which 
is provided with monotony of the derivative f(x) . Existence of the point € follows from 
Weierstrass theorem [2] according to which continuous function on a segment has a 
continuous number of values between f(a) and f(b). 
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2 The Formulation of Lagrange’s Theorem 
and Compare it With the Main Mean Value Theorem 
Lagrange's Theorem. Let a function y= f(x) satisfies the following conditions: 1) it is 


continuous on a segment[a,b], 2) it is differentiable on the interval(a,b) . Then there is a point 
& €(a,b), for which there is the following equality 


f(O)-— f@=f'E\b-4a). (2) 
When comparing equations (1) and (2) we obtain 
fang -a)+ f(b\b-S)= f\(u(b-a). (3) 


Note that these two theorems midpoints are different, i.e. € # wu . Let's finda 
function for which the points € and w will coincide. If in the formula (3) to take € = w, 
you will get a simple differential equation 

F'(ang —a)+ f(byb-S) = f'(Eb- a) 

After integrating it with the variable € we obtain 

AE= f@-fOE _f(@a-f'(byb E+C. 
b-a 2 b-a 


This is parabola, whose derivative is a linear function. From our theorem easily there 

is the point € : 
pe L(b)= flay+ faa= fbb 
f'(a)— f'(6) 

Note that by Lagrange's theorem it to make much harder. 

From here the important application of our theorem follows. In the discrete 
mathematics nodes, values of functions and its derivatives are set discretely. By Lagrange's 
theorem discrete function needs to be approximated by a smooth function, as a rule, a 
polynomial [4]. According to our theorem midpoints are calculated by the formula (4) and 
it does not run any questionable approximations in the form of polynomials. 

Example: y=4x*+3x—-5 , x €(1,3). 

Find the point w by Lagrange’s theorem: y(1)=2, v(3)=40, y’=8x+3, 


(4) 


y(3)— y(1) = 38, vO) 19, y (uw) =8ut3, 8ut3=19S>u=2. 


By our theorem it is calculated by formula (4): vy’) =11, y’(3)=27. 
gE fQB)-fM+ f'D- f'B)3 _40-2+11-81 = 
t')-f'B) 11-27 
This example demonstrates the coincidence of midpoints for the parabola by Lagrange and 
by our theory. 


3 Roll’s And Cauchy’s Theorems in the New Edition 


Roll’s Theorem. Let a function y = f(x) satisfies the following conditions: 1) it is 
continuous on a segment[a,b], 2) it is differentiable on the interval (a,b), 3) the derivative 
f'(x) is monotonic on the interval (a,b), 4) f(b) = f(a). Then there exists a unique point 
& €(a,b) for which takes place the equality 


S(aS - a) + f(b b-5) =. (5) 
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If to take into account f(b) = f(a), then the formula (5) follows from formula (1). 
The expression for the point € = f (aa =F 
f'(a)- fe) 
expression can be obtained from the formula (4), provided that f(b) = f(a). 
Cauchy’s Theorem. Let functions y= f(x) and g(x)satisfy the following condi- 
tions: 1) they are continuous on a segment[a,b], 2) they are differentiable on the interval (a,b), 
3) the derivatives f'(x) and g’(x) #0are monotonic on the interval (a,b). Then there exists a 


is followed from the formula (5). The same 


unique point € €(a,b) for which takes place the equality 
F(b)= F(a) _ F(aE =a) + F(Hb=S)_ (6) 
g(b)-g(a)  g'(a(S—-a)+g'(b\(b-¢) 
Proof. In the proof we use the method of undetermined Lagrange’s multiplier [1]. Let 
us introduce an auxiliary function F(x) = f(x)—Ag(x) and find the uncertain factor / to 


run the condition of Roll’s theorem: F(b) = F(a). We will get 


f(b)-Ag(b)= f(a)—Ag(a) => A= LO-F@) (7) 
g(6)— g(a) 


According to Roll's theorem there is a point € , for which takes place 
Fay —a)+F'(by(b- 6) =0 
or 
(f'(a)—Ag'(a@NE 4) +(f'(0) - 2g'(b)(b-E) = 0. 
Taking into account the expression J (7), after simple transformations we obtain the 
formula (6). 


4 Simple Application of our Theory 
is the Second Integral Mean Value Theorem 


If we apply the formula (1) to the case when the function f(x) acts as its antiderivative, 
ie. F'(x) = f(x) , then we immediately get the integral analogue of our theorem 


[ f (x)dx = f (aE -a)+ f(b\(b-€). 


This is so-called the second mean value theorem of integral calculus. Its generic 
equivalent is obtained by presenting this formula in the form 


b é b 
[ f@ar=f@f a+ fo) ) dx 
and replacing the integral measure dx > dG(x) = g(x)dx [5]. Thus, finally, we obtain 


[, fe@ae= fal gode+ sO gar. 
Conclusions 


The formula (2) is not the unique form of representation of Lagrange's theorem. The 
variant of representation of an increment of a function through its derivatives at the endpoints of 
a segment in the form of the formula (1) is possible still. Such formulation of Lagrange’s 
theorem does not replace it, but even more expanding its capabilities. For example, the article 
provides an example of application of the formula (1) in the integral calculus - it is a relatively 
simple formulation of the second mean value theorem. 
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RESUME 
L.P. Mironenko, I.V. Petrenko 


A New Representation of Lagrange’s Theorem 
in Differential Calculus 


Background: in the integral calculus there is a second mean value theorem, but there is no 
such analogue in the differential calculus. This "injustice" can be eliminated, when 
Lagrange’s theorem is formulated in terms of derivatives at the segments endpoints. 
Materials and methods: we used methods of differential calculus, derivative geometric 
meaning, the notion of arithmetic mean value and weighted mean value, uncertain 
Lagrange’s multipliers. 

Results: the main result of the paper is the wording of the new mean value theorem in 
differential calculus, which in turn gives rise to a number of theorems analogues of Rolle 
and Cauchy. Classical Rolle's, Lagrange’s and Cauchy’s theorems are based on the concept 
of a usual mean and arithmetic mean values. The new theorems are based on the concept of 
the weighted mean value. 

Conclusion: it is found a new representation of the mean value Lagrange’s theorem in the 
differential calculus. The change of any functions is expressed in the terms of the 
derivatives at the end points of a given closed interval. Mean values of the function are 
coincided for both theories, but the midpoints are different. Our theory allows find the 
midpoint easily. Such possibility is absent in Lagrange’s theorem. Besides our theory is 
fundamental for the second mean value integral theorem. 
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